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RELATIVE PROPORTIONALITY FOR SUBVARIETIES OF
MODULI SPACES OF K3 AND ABELIAN SURFACES
STEFAN MU¨LLER-STACH, ECKART VIEHWEG, AND KANG ZUO
To Friedrich Hirzebruch
Abstract. The relative proportionality principle of Hirzebruch and Ho¨fer was
discovered in the case of compactified ball quotient surfaces X when studying
curves C ⊂ X . It can be expressed as an inequality which attains equality pre-
cisely when C is an induced quotient of a subball. A similar inequality holds
for curves on Hilbert modular surfaces. In this paper we prove a generalization
of this result to subvarieties of Shimura varieties of orthogonal type, i.e. locally
symmetric spaces of type M = Γ\SO(n, 2)/K. Furthermore we study the ”in-
verse problem” of deciding when an arbitrary subvariety Z of M is of Hodge
type, provided it contains sufficiently many divisors Wi which are of Hodge type
and satisfy relative proportionality.
LetM denote a connected Shimura variety of Hodge type associated to a reductive
Lie group G ⊂ Sp2g of Hermitian type defined over Q. A subvariety ofM is called
special or a subvariety of Hodge type, if it is induced by an algebraic subgroup
G1 →֒ G of Hermitian type. In particular zero dimensional special subvarieties are
just the CM-points.
As it is well known, a subvariety of Hodge type contains a dense set of CM-points.
The Andre´-Oort conjecture states the converse, hence that an irreducible variety
Z of M is a subvariety of Hodge type, if the CM points in Z are Zariski dense.
Recently Klingler and Yafaev [KY06] have given a proof of this conjecture, as-
suming the generalized Riemann Hypothesis. The Andre´-Oort conjecture implies
immediately also that a subvariety Z of M which contains a Zariski dense set
of subvarieties of Hodge type must itself be special. We will restrict ourselves to
the moduli space M of polarized K3 or abelian surfaces, more generally subvari-
eties of Shimura varieties of orthogonal type, i.e. locally symmetric spaces of type
M = Γ\SO(n, 2)/K with Γ a neat arithmetic group. For Z ⊂ M we will show
that a “big finite subset” {Wi}i∈I of subvarieties of Hodge type of codimension one
is sufficient to force Z to be special. One way to formulate the bigness of the set
of subvarieties would be to require the natural map
π1(
⋃
i∈I
Wi) −→ π1(Z)
to be surjective, for a suitable choice of base points. Instead we will consider
certain compactifications Z¯ of Z, and require #I to be large compared with its
Picard number ρ(Z¯) and with the number δ(SZ¯) of different two by two intersections
Si ∩ Sj of irreducible components Si and Sj of SZ¯ .
A second aspect is the understanding of the “relative proportionality”, a numerical
condition satisfied by subvarieties of Hodge type W of Z, provided the universal
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covering Z˜ of Z is a bounded symmetric domain. The proportionality principle
has been established by Hirzebruch in [Hi58] for projective manifolds Z, and it has
been generalized by Mumford in [Mu77] to the quasi-projective case. To this aim,
Mumford used a particularly nice toroidal compactification Z¯ of Z, constructed in
[AMRT75] and extensions of the Hodge bundles to Z¯.
In the mid 1980’s Hirzebruch and Ho¨fer have obtained the relative proportionality
inequality for an algebraic curve C¯ on an algebraic surface Y¯ with universal cov-
ering Y˜ a complex ball (see [BHH87, page 259 and 265], for example). A similar
inequality holds for curves on Hilbert modular surfaces, and for special curves the
equality was already verified in [HZ73, §4].
Theorem 0.1 (Hirzebruch [HZ73]; Hirzebruch, Ho¨fer [BHH87]). Assume that
SY¯ = Y¯ \ Y is a strict normal crossing divisor. Then for a non-singular curve
C¯ ⊂ Y and for the reduced boundary divisor SC¯ = (C¯ ∩ SY¯ )red one has the relative
proportionality inequality saying that
(0.1) 2 · C¯.C¯ + 2 · deg(SC¯) ≥ −KY¯ .C¯ + SY¯ .C¯,
if Y is a Hilbert modular surface, and
(0.2) 3 · C¯.C¯ + 3 · deg(SC¯) ≥ −KY¯ .C¯ + 2 · SY¯ .C¯,
if Y is a ball quotient.
If the compactification Y¯ is a Mumford compactification, or more generally if
Ω1
Y¯
(logSY¯ ) is numerically effective (nef) and if ωY¯ (SY¯ ) is ample with respect to Y ,
then the equality in (0.1) or in (0.2) implies that C˜ is a complex subball of Y˜ .
In [BHH87] these inequalities are stated only in the case where C¯ ∩ SY¯ intersect
transversally. Then they simplify to 2 · C¯.C¯ ≥ −(KY¯ + SY¯ ).C¯ on Hilbert modular
surfaces and 3 · C¯.C¯ ≥ −(KY¯ + SY¯ ).C¯ on ball quotients.
In Section 2 we will prove and generalize those inequalities to certain higher di-
mensional Shimura varieties M which are uniformized by a variation of Hodge
structures V of weight two. Assuming that the local monodromies at infinity
are unipotent, we consider to this aim the Higgs bundle (E, θ) induced by the
Deligne extension of V to M¯, as explained in the Notations 0.4, and the cor-
responding Griffiths-Yukawa coupling. For the generalizations of Theorem 0.1,
stated in Theorem 2.3 we will allow M to be a Shimura variety of complex ball
type, i.e. M˜ = SU(n, 1)/U(n), or of type SO(n, 2), i.e. M˜ = SO(n, 2)/O(n)×U(1),
and we replace the curve C by a submanifold Z. We will distinguish the different
cases corresponding to (0.1) and (0.2) in Theorem 0.1 by posing conditions on the
Griffiths-Yukawa coupling.
For example, a curve C on a Hilbert modular surface Y has Griffiths-Yukawa
coupling θ
(2)
C¯
6= 0, whereas for curves in a ball quotient Y it will vanish, since
already θ
(2)
Y¯
= 0. The remaining case, where the Griffiths-Yukawa coupling satisfies
θ
(2)
C¯
= 0 but θ
(2)
Y¯
6= 0, only occurs on fake Hilbert modular surfaces, i.e. on products
X = C1×C2 of two curves of genus g ≥ 2, and for C a fiber of one of the projections.
So to handle this case we should add in Theorem 2.3:
(0.3) C¯.C¯ + deg(SC¯) ≥ SY¯ .C¯, if Y is a product C1 × C2.
However the condition θ
(2)
C¯
= 0 on the product of two curves only occurs if C¯ is the
fiber of one of the projections, and hence C¯.C¯ = 0 and deg(SC¯) = SY¯ .C¯.
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Let us return to the problem of characterizing subvarieties of Hodge type inM by
the existence of a big set of special subvarieties. Starting with Section 3 we will
restrict ourselves to the case where M is of type SO(n, 2), and we will consider
W ⊂ Z ⊂ M, with W a Shimura variety and Z unknown. Doing so for Shimura
curves C on surfaces Y ⊂ M, we get similar expressions as (0.1), (0.2) or (0.3)
with the sign reversed:
Theorem 0.2. Assume that Y¯ is a projective surface, SY¯ a strict normal crossing
divisor and Y = Y¯ \SY¯ , with Ω
1
Y¯
(log SY¯ ) nef and ωY¯ (log SY¯ ) ample with respect to
Y .
Consider a Shimura curve C ⊂ Y and a closed embedding Y ⊂ M. Assume (for
simplicity) that the second embedding extends to Y¯ ⊂ M¯ for a Mumford compact-
ification M¯ of M. If C is a Shimura curve, then one has:
2 · C¯.C¯ + 2 · deg(SC¯) ≤ −KY¯ .C¯ + SY¯ .C¯ if θ
(2)
C¯
6= 0.(0.4)
3 · C¯.C¯ + 3 · deg(SC¯) ≤ −KY¯ .C¯ + 2 · SY¯ .C¯ if θ
(2)
Y¯
= 0.(0.5)
C¯.C¯ + deg(SC¯) ≤ SY¯ .C¯ if θ
(2)
C¯
= 0 but θ
(2)
Y¯
6= 0.(0.6)
Again the first two inequalities generalize to the higher dimensional case (see The-
orem 3.3). Now we can formulate a criterion for Y to be a Shimura surface of
Hodge type:
Theorem 0.3. Consider in Theorem 0.2 a finite set of curves {Ci}i∈I , with
#I ≥ (ρ(Y¯ ) + δ(SY¯ ))
2 + ρ(Y¯ ) + δ(SY¯ ) + 1,
where δ(SY¯ ) is the number of double points on the boundary and where ρ(Y¯ ) is the
Picard number of Y¯ .
i) If for all i ∈ I
2 · C¯i.C¯i + 2 · deg(SC¯i) = −KY¯ .C¯i + SY¯ .C¯i
and θ
(2)
C¯i
6= 0, then Y is a Hilbert modular surface.
ii) If for all i ∈ I
3 · C¯i.C¯i + 3 · deg(SC¯i) = −KY¯ .C¯i + 2 · SY¯ .C¯i
and θ
(2)
Y¯
= 0, then Y is a ball quotient.
In both Theorems, 0.2 and 0.3, one can allow the curves C or Ci to be deformations
of Shimura curves in M, as defined in 1.2. However such a deformation can only
be non-trivial if θ
(2)
C¯
or θ
(2)
C¯i
are zero.
As we will see in the proofs, a quasi-projective surface Y ⊂M containing a Shimura
curve C of Hodge type (or its deformation) and satisfying relative proportionality
in Theorem 0.3 i) or ii), looks in an infinitesimal neighborhood of C like a Shimura
surface of the corresponding type.
The corresponding statement in Theorem 4.4 will be formulated for submanifolds
Z ⊂ M of arbitrary dimension, but the codimension of the Shimura subvarieties
W ⊂ Z, replacing the curves C, still has to be one.
Notations 0.4. We consider a projective manifold Z¯, a reduced strict normal
crossing divisor SZ¯ and a variation of Hodge structures V on Z = Z¯ \SZ¯ of weight
k. Even if not stated we will always assume that the local monodromies around
the components of SZ¯ are unipotent, and that V is polarized. Let V be the Deligne
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extension of V ⊗C OZ to Z¯. The F -filtration on Z extends to a filtration of V
by subbundles, and the Gauß-Manin connection extends to a connection ∇ with
logarithmic poles on V. Griffiths Transversality implies that ∇ induces an OZ¯-
linear map
θ : E :=
k⊕
p=0
Ep,k−p = GrF(V) −→ E ⊗ Ω1Z¯(logSZ¯) =
( k⊕
p=0
Ep,k−p
)
⊗ Ω1Z¯(log SZ¯),
with θ(Ep,k−p) ⊂ Ep−1,k−p+1 ⊗ Ω1
Z¯
(logSZ¯). We will call (E, θ) the Higgs bundle
induced by the Deligne extension of V, and θ the Higgs field. If we want to indicate
the base space, we will write (EZ¯ , θZ¯) instead of (E, θ).
The Higgs field is the direct sum of maps,
θp,k−p : Ep,k−p −→ Ep−1,k−p+1 ⊗ Ω1Z¯(logSZ¯)
Their composite
θ
(k)
Z¯
:= (θ1,k−1 ⊗ id
⊗k−1
Ω1
Z¯
(logSZ¯ )
) ◦ · · · ◦ (θk−1,1 ⊗ idΩ1
Z¯
(logSZ¯ )
) ◦ θk,0,
called the Griffiths-Yukawa coupling, has image in E0,k ⊗ Sk(Ω1
Z¯
(logSZ¯)).
Let M¯ be a second projective manifold and letM be the complement of a reduced
strict normal crossing divisor SM¯. We will consider a morphism ϕ : Z → M,
generically finite over its image. We will denote the induced rational map Z¯ → M¯
again by ϕ.
The rational map ϕ : Z¯ → M¯ is given by a morphism ϕ0 on the complement Z¯0 of
a codimension two subscheme. For a locally free sheaf F on M¯ we will write ϕ∗F
for the maximal extension of the pullback ϕ∗0F from Z¯0 to Z¯. Correspondingly, If
B is a reduced divisor, ϕ∗B will be the closure of ϕ∗0B.
The inclusion TZ¯0(− log SZ¯0)→ ϕ
∗TM¯(− logSM¯)|Z¯0 extends to Z¯ and we define the
logarithmic normal sheaf NˇZ¯/M¯ by the exact sequence
(0.7) 0 −→ TZ¯(− logSZ¯) −→ ϕ
∗TM¯(− log SM¯) −→ NˇZ¯/M¯ −→ 0.
Even if Z¯ is a submanifold of M¯ the logarithmic normal sheaf might differ from
the usual normal sheaf NZ¯/M¯ defined as the cokernel of TZ¯ → ϕ∗TM¯. Comparing
the Chern classes one obtains for Z¯ ⊂ M¯
(0.8) c1(NˇZ¯/M¯) = c1(NZ¯/M¯)− SM¯|Z¯ + SZ¯ .
More generally, assume that ϕ : Z → M is e´tale over its image of degree deg(ϕ)
and that dim(M¯) = n = dim(Z¯) + 1. Writing ϕ(Z¯) for the closure of the image of
Z¯ in M¯, one finds for all divisors L on M¯
(0.9) c1(NˇZ¯/M¯).(ϕ
∗L)n−2 = deg(ϕ) ·ϕ(Z¯)2.Ln−2− (SM¯|ϕ(Z¯)− (SM¯|ϕ(Z¯))red).L
n−2.
In fact, both sides are compatible with blowing ups of Z¯ with centers in SZ¯ . So
we may assume that ϕ is a morphism. The formula (0.9) holds, if ϕ is injective,
and the general case follows from the projection formula. Usually M and W will
denote Shimura varieties, and Z will map to in M, or W will map to Z.
Acknowledgements.
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1. Shimura varieties of type SO(m, 2) and SU(m, 1)
Let us first recall some well known basic facts on connected Shimura varieties and
their connected Shimura subvarieties (see also [An01] or [Mil04]). We consider
H a connected semisimple group defined over Q and of Hermitian type,
K ⊂ H(R) a maximal compact subgroup
X+ = H(R)/K a bounded symmetric domain for H.
Writing H+(R) for the connected component of 1 in H(R), one can consider X+
as a conjugacy class of 1-parameter subgroups U(1)→ H+(R).
Choose any Z-structure HZ on H and let Γ ⊂ H(Q) be an arithmetic subgroup, i.e.
a subgroup Γ which is commensurable to HZ(Z). In addition we will always assume
that Γ is neat. By a theorem of Baily-Borel the analytic space Man := Γ \ X+
admits the so-called Baily-Borel compactification M¯∗ = M∪ ∆∗ by adding the
cusps ∆∗ at infinity in M. Since M∗ is projective, Man has the structure of an
algebraic variety M over C, inducing the analytic space structure on Man. Since
Γ is torsion-free M is smooth.
We will call M a connected Shimura variety, although one sometimes requires in
addition that Γ ⊂ HZ(Z) is a congruence subgroup, i.e. that Γ contains the kernel
of HZ(Z)→ HZ(Z/NZ) for some N .
Now let G be a connected reductive group over Q, and such that H = Gad =
G/Z(G) is of Hermitian type. Then X+ is a G+(R)-conjugacy class of 1-parameter
subgroups.
If we have another group G1 of Hermitian type, and a homomorphism G1 → G
sending conjugacy classes X+1 → X
+, then the map X+1 → X
+ is holomorphic and
totally geodesic by Satake.
A Shimura subvariety of Hodge type (also called special subvariety) is a component
of the image of some X+1 in M.
The following theorem gives a characterization of the quasi-projective subvarieties
ofM which are Shimura subvarieties of Hodge type or deformations of those. There
is also the more general notion of Kuga fiber spaces (used in [MVZ07]) and of their
bases. These are subvarieties of Hodge type if they contain a point corresponding
to a CM abelian variety.
Theorem 1.1 (Abdulali [Abd94], Moonen [Mo98], see also [MVZ07], Section 1).
Let W ⊂ M be a closed algebraic totally geodesic embedding. Then M contains a
Shimura subvariety of Hodge type, isomorphic toW×W ′ (up to a finite e´tale cover).
In particular, if W is rigid, hence if W ′ is a point, W is a Shimura subvariety of
Hodge type.
Notations 1.2. We will consider Shimura varieties up to e´tale coverings so we
will allow to replace Γ by a subgroup of finite index, whenever necessary. By abuse
of notations we will call W a Shimura subvariety of Hodge type if σ(W ) has this
property and if σ : W → σ(W ) is e´tale.
A subvariety ι : W →֒ M will be called a deformation of a Shimura subvariety
of Hodge type, if there exists a connected scheme W ′, points w′1, w
′
2 ∈ W
′ and a
morphism Ψ : W ×W ′ →M, such that ι = Ψ|W×{w′1} and such that Ψ|W×{w′2} is
an embedding whose image is a Shimura subvariety of Hodge type.
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Next, following [Kud03], we introduce Shimura varieties of orthogonal type deter-
mined by the following data:
V, ( , ) an inner product space over Q of signature (n, 2),
G = SO(n, 2) =
{
g ∈ SLn+2|(g(x), g(y)) = (x, y), ∀x, y ∈ V
}
.
In number theory one often prefers to work with the isogenous group GSpin(V ).
One defines the n-dimensional complex space
D =
{
w ∈ V (C)|(w,w) = 0, (w, w¯) < 0
}
/C∗ ⊂ P(V (C)),
which is the union D = D+ ∪D− of two copies of the bounded symmetric domain
SO(n, 2)/O(n)× U(1) of type IV, interchanged by complex conjugation.
Fixing a Z–structure GZ(Z) on G and again a neat arithmetic subgroup Γ ⊂ G(Q),
the quotientM := Γ\D+ is called a connected Shimura variety of orthogonal type.
The inner product space V, ( , ) together with the Z-structure descends to a polar-
ized variation of Hodge structure V with a Z-structure of weight two overM. The
one-dimensional vector spaces Vw lying over [w] ∈ D
+ define the Hodge bundle
E2,0 and their complex conjugates V¯w define E
0,2. The orthogonal complements of
the span < Vw, V¯w >, for w ∈ D+ define E1,1. It is also known that the Kodaira-
Spencer (or dual Higgs field) θ : E2,0 ⊗ TM −→ E1,1 is an isomorphism.
Assuming that the local monodromies around the cusps are unipotent, and that
Γ is neat, Mumford studied in [Mu77] smooth toroidal compactifications M¯ with
SM¯ = M¯ \ M a normal crossing divisor, constructed in [AMRT75]. The Higgs
bundle (E, θ) extends to a unique logarithmic Higgs bundle on M¯, denoted again
by (E, θ). In fact, as discussed in [MVZ07, Section 2], the bundle (E, θ) coincides
with the one induced by the Deligne extension of V and the induced dual Higgs
field
E2,0 ⊗ TM¯(− logSM¯) −→ E
1,1
is still an isomorphism.
To define Shimura subvarieties of M, as in [Kud03], one starts with a set of Q-
linearly independent vectors x = {x1, . . . , xr} ⊂ V (Q) such that the intersec-
tion matrix
(
(xi, xj)
)
i,j
is positive definite. We define Vx to be the orthogonal
complement of the span < x1, . . . , xr >, and Gx to be the stabilizer of the span
< x1, . . . , xr >. The operation on Vx defines an isomorphism Gx ∼= SO(n− r, 2).
The embedding SO(n − r, 2) →֒ SO(n, 2) of groups induces the totally geodesic
holomorphic embedding of the corresponding bounded symmetric domains
SO(n− r, 2)/O(n− r)× U(1) 

// SO(n, 2)/O(n)×U(1).
The image of SO(n− r, 2)/O(n− r)×U(1) inM = Γ \ SO(n, 2)/O(n)×U(1) is a
Shimura subvariety W of orthogonal type (see [Kud03], Page 4, (2.6) and (2.8)).
The pullback of the variation of Hodge structures V to W decomposes as W⊕ U,
where U corresponds to a unitary variation of Hodge structures of bidegree (1, 1)
with the Z-structure arising from the Q-subspace < x1, . . . , xr >. Hence, after
taking a finite e´tale base change we may assume U is trivial. Correspondingly, one
obtains a decomposition of the Higgs bundle of the variation of Hodge structures
(E2,0W ⊕E
1,1
W ⊕E
0,2
W , θ)⊕ (O
⊕r
W , 0),
where E2,0W and E
0,2
W are the restrictions of the invertible sheaves E
2,0 and E0,2 toW .
Choosing as above a smooth Mumford compactification W¯ ofW with SW¯ = W¯ \W
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a strict normal crossing divisor, the logarithmic Higgs field defines an isomorphism
θ : E2,0
W¯
⊗ TW¯ (− log SW¯ ) −→ E
1,1
W¯
.
The Shimura subvariety W is rigid in M, since the Griffiths-Yukawa coupling
does not vanish [MVZ07]. Hence by Theorem 1.1 it is of Hodge type and of type
SO(n− r, 2), or as we will sometimes say, of Hodge type for SO(n− r, 2).
A Shimura variety is of Hodge type for SU(n, 1), if the associated Hermitian sym-
metric space is the n-dimensional complex ball
X+ = SU(n, 1)/U(n).
Remark 1.3. In this case the natural uniformizing variation of Hodge structures
is of weight one and the Higgs bundle has the form (H1,0 ⊕H0,1, τ), where H1,0 is
a line bundle and where τ : TM ⊗H1,0 → H0,1 is an isomorphism.
However if Γ\SU(n, 1)/U(n) occurs as a Shimura subvariety of Hodge type in some
Shimura varietyM of type SO(n, 2), then the restriction (E, θ) of the uniformizing
variation of Hodge structures onM will be of weight two. The corresponding Higgs
bundles are related by
E2,0 = H1,0, E1,1 = H0,1 ⊕H0,1
∨
and E0,2 = H1,0
∨
.
Example 1.4. Kondo [K05] has constructed a moduli embedding of a compact
Shimura surface of type SU(2, 1) (appearing in Deligne-Mostow’s list as a com-
ponent in the moduli space parameterizing Jacobian of genus 6 admitting CM of
Q(e
2pii
5 )) into a Shimura variety of type SO(10, 2) parameterizing a subfamily of K3
surfaces.
Lemma and Notations 1.5. Let σ : W → M = Γ\SO(n, 2)/O(n) × U(1) be a
generically finite morphism from a non-singular m-fold W and let W¯ be a projective
compactification of W with SW¯ = W¯ \W a strict normal crossing divisor and with
ωW¯ (SW¯ ) nef and big. Assume that the local monodromies around the components
of SW¯ are unipotent, and write σ
∗V = W ⊕ U where U is the largest unitary
subvariation of Hodge structures of type (1, 1).
For the logarithmic Higgs bundle (EW¯ , θW¯ ) induced by the Deligne extension of W
to W¯ , let E1,1⋄ denote the image of the Higgs map
θ : TW¯ (− log SW¯ )⊗ E
2,0
W¯
−→ E1,1
W¯
.
i) The following conditions are equivalent:
a) E1,1⋄ = E
1,1
W¯
.
a’) For the Higgs bundle (EW , θW ) = (EW¯ , θW¯ )|W one has E
1,1
⋄ |W = E
1,1
W .
b) W is a Shimura subvariety of Hodge type for SO(m, 2).
c) W is a Shimura subvariety of Hodge type and the Griffiths-Yukawa
coupling θ
(2)
W¯
of (EW¯ , θW¯ ) is non-zero.
Moreover, if the conditions a), b) and c) hold true,
c1(ωW¯ (SW¯ )) = m · c1(E
2,0
W¯
).
ii) The following conditions are equivalent:
a) The Higgs bundle (EW¯ , θW¯ ) decomposes as a direct sum
(EW¯ , θW¯ ) = (E
2,0
W¯
⊕E1,1⋄ , θ⋄)⊕ (E
′1,1
⋄ ⊕E
0,2
W¯
, θ′⋄),
where E1,1
W¯
= E1,1⋄ ⊕ E
′1,1
⋄ and E
′1,1
⋄ 6= 0.
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a’) The Higgs bundle (EW , θW ) = (EW¯ , θW¯ )|W decomposes as a direct sum
(EW , θW ) = (E
2,0
W ⊕ E
1,1
⋄ |W , θ⋄)⊕ (E
′1,1
⋄ |W ⊕E
0,2
W , θ
′
⋄).
b) W is a deformation of a Shimura subvariety of Hodge type for SU(m, 1).
c) W is a deformation of a Shimura subvariety of Hodge type and the
Griffiths-Yukawa coupling θ
(2)
W¯
of (EW¯ , θW¯ ) is zero.
Moreover, if the conditions a), b) and c) hold true,
c1(ωW¯ (SW¯ )) = (m+ 1) · c1(E
2,0
W¯
),
and if dim(W ) > 1 then W is rigid, hence of Hodge type.
Proof. Assume first, that σ(W ) ⊂ M is a deformation of a Shimura subvariety of
Hodge type. Then one has the isomorphism in i), a’) or the decomposition in ii),
a’). We will show, that this extends to W¯ , in particular this will imply that in i)
or ii) the conditions a) and a’) are equivalent.
Let W¯ ′ be a Mumford compactification and SW¯ ′ = W¯
′ \W ′. Then as discussed
in [MVZ07, Section 2] the image of the Higgs field E1,1⋄,W¯ ′ is a direct factor of E
1,1
W¯ ′
.
Choose a third compactification Wˆ of W which allows morphisms φ : Wˆ → W¯ and
φ′ : Wˆ → W¯ ′. Since the Deligne extension is compatible with pullbacks, one has
φ∗TW¯ (− log SW¯ ) →֒ φ
∗E1,1
W¯
⊗E2,0
W¯
−1
= φ′∗E1,1
W¯ ′
⊗E2,0
W¯ ′
−1
←֓ φ′∗TW¯ ′(− logSW¯ ′).
The inclusion on the right hand side splits, hence we obtain an inclusion
φ∗TW¯ (− log SW¯ ) →֒ φ
′∗TW¯ ′(− log SW¯ ′).
This must be an isomorphism, since as in the proof of [MVZ07, Lemma 2.7] it is
easy to see that
φ∗ωW¯ (SW¯ ) = φ
′∗ωW¯ ′(SW¯ ′).
So φ∗TW¯ (− logSW¯ ) is a direct factor of φ
∗E1,1
W¯
⊗ E2,0
W¯
−1
, and hence
TW¯ (− logSW¯ ) →֒ E
1,1
W¯
⊗E2,0
W¯
−1
splits, as claimed in i), a) and ii), a).
Assuming the condition a) in i) or ii), we will write
(1.1) (EW¯ , θW¯ ) = (E⋄, θ⋄)⊕ (E
′
⋄, θ
′
⋄),
where the first direct factor contains E2,0, hence TW¯ (log SW¯ )⊗ E
2,0 as well.
We will show next, that the existence of this splitting of Higgs bundles forces W to
be the deformation of a Shimura subvariety of Hodge type. The decompositions,
corresponding to σ∗V = W⊕ U or to the one in part ii), are both orthogonal with
respect to the Hodge metric on the universal covering M. The restriction of the
Higgs map
θ : TW¯ (− log SW¯ ) −→ E
1,1
⋄ ⊗E
2,0∨
W¯
to W is then an isomorphism, and it can be identified with the differential
dσ : TW −→ dσ(TW ) ⊂ σ
∗TM ≃ E
1,1
W¯
⊗E2,0∨
W¯
⊕ U1,1 ⊗E2,0∨
W¯
,
where U1,1 is the Higgs bundle associated to U. Hence the image of dσ is a holo-
morphic direct factor, and orthogonal with respect to the Hodge metric. Therefore
σ is e´tale over its image and the latter is a non-singular subvariety of M. Since
σ(W ) ⊂ M is a complete submanifold with respect to the Hodge metric h (i.e.
every Cauchy sequence in the sub metric space (W,hW ) ⊂ (M, h) converges to a
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point in W ), then [MVZ07, Claim 6.9] together with [He62, Theorem I.14.5] show
that σ(W ) →֒ M is a holomorphic totally geodesic embedding. Then W is ei-
ther uniformized by SO(m, 2)/O(m)×U(1) or by SU(m, 1)/U(m), where SO(m, 2)
respectively SU(m, 1) is the non-compact factor of the Zariski closure of the mon-
odromy group. By Remark 1.3 the Griffiths-Yukawa coupling is zero for W of type
SU(m, 1) and non-zero for W of type SO(m, 2).
The non-vanishing of the Griffiths-Yukawa coupling implies the rigidity of W , and
by Theorem 1.1 W is a Shimura variety of Hodge type in this case.
By [SZ91] the same holds true if the Griffiths-Yukawa coupling vanishes, and if
dim(W ) > 1.
Returning to the splitting in (1.1) one has E0,2⋄ = E
0,2 if and only if the Griffiths-
Yukawa coupling does not vanish. By the choice of W this is equivalent to E ′⋄ = 0.
So we verified the equivalence of the conditions a), b) and c) in i) and in ii).
It remains to verify the description of c1(ωW¯ (SW¯ )). In i) we have seen already that
E0,2⋄ = E
0,2, hence E ′⋄ is concentrated in bidegree (1, 1) and θ
′
⋄ = 0. By the choice
of W this is only possible if E ′⋄ = 0. Then
c1(E
2,0
W¯
⊕E1,1⋄ ⊕ E
0,2
W¯
) = c1(E
1,1
⋄ ) = 0
and c1(TW¯ (− logSW¯ )) +m · c1(E
2,0
W¯
) = 0.
In Case ii) the Griffiths-Yukawa coupling is zero. So the Higgs subbundle (E⋄, θ⋄)
is concentrated in bidegrees (2, 0) and (1, 1). Since (EW¯ , θW¯ ) is self dual, one finds
that E ′1,1⋄ = E
1,1
⋄
∨
. For the Chern classes this implies that
c1(E
2,0
W¯
⊕ E1,1⋄ ) = 0 and hence
c1(TW¯ (− log SW¯ )) + (m+ 1) · c1(E
2,0
W¯
) = 0.

Remarks 1.6.
1. The Shimura subvarieties in Lemma 1.5 include all rigid Shimura subvari-
eties of Shimura varieties of orthogonal type.
2. For n = 19 M is the moduli scheme of polarized K3 surfaces [KS67]. The
Kummer construction identifies A2 with a Shimura subvariety of SO(3, 2)
type. For n = 1 and 2 one recovers modular curves, Hilbert modular
surfaces and their quaternionic versions [Kud03].
3. If a Satake embedding M → Ag into a Shimura variety of Sp(2g,R)-type
(i.e. into the moduli space of polarized abelian varieties with a suitable level
structure) is of Hodge type, then it maps Shimura subvarieties of Hodge
type to Shimura subvarieties of Hodge type [Abd94]. The Kuga-Satake
construction, see [KS67] and [vG00], provides us with such an embedding.
2. Hirzebruch-Ho¨fer’s relative proportionality on Shimura
varieties of type SU(n, 1) or SO(n, 2).
In this section we will study subvarieties Z of a Shimura varietyM of type SO(n, 2)
or SU(n, 1). We want to understand numerical conditions on natural sheaves on
certain compactifications, generalizing the relative Hirzebruch-Ho¨fer Proportional-
ity stated in Theorem 0.1.
Assumptions and Notations 2.1. LetM be a Shimura variety of type SO(n, 2)
or SU(n, 1), and let M¯ be a smooth Mumford compactification of M with SM¯ =
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M¯ \M a strict normal crossing divisor. We denote by V the uniformizing weight
two variation of Hodge structures on M, and we will assume that the local mon-
odromies around the components of SM¯ and SZ¯ are unipotent. We write again
V = W⊕ U where U is the maximal unitary subvariation of Hodge structures.
As in the Notations 0.4 let Z¯ be a smooth projective d-dimensional variety, SZ¯ a
reduced strict normal crossing divisor on Z¯ and write Z = Z¯ \ SZ¯ . We consider a
morphism ϕ : Z → M generically finite over its image and the induced rational
map Z¯ → M¯ again denoted by ϕ.
The Higgs bundle of the weight two variation of Hodge structures W on M will
be denoted by (EM¯, θM¯), whereas the Higgs bundle of the pullback of W to Z
is written as (EZ , θZ). Let (EZ¯ , θZ¯) be the Higgs bundle induced by the Deligne
extension of ϕ∗W, so (EZ , θZ) = (EZ¯ , θZ¯)|Z .
We will assume that Ω1
Z¯
(log SZ¯) nef and that ωZ¯(SZ¯) is ample with respect to Z.
The assumption, that Ω1
Z¯
(logSZ¯) is nef and that ωZ¯(SZ¯) is ample with respect to Z,
will allow to apply Yau’s Uniformization Theorem ([Ya93], see also [VZ05, Section
1]) to Z. As discussed in [VZ05, Lemma 4.1] and [MVZ07, §2] this assumption au-
tomatically holds true for compact submanifolds of Shimura varieties, and it holds
if Z is a Shimura subvariety of Hodge type, and Z¯ a Mumford compactification.
In general, for a rational map between manifolds, the pullback of the logarithmic
tangent sheaf will not be locally free. However, since in our situation M¯ is a
Mumford compactification of a Shimura variety this will be the case.
Lemma 2.2. We keep the assumptions made in 2.1.
a. The sheaf ϕ∗TM¯(− log SM¯) is locally free and isomorphic to a direct factor
E1,1⋄Z¯ ⊗ E
2,0
Z¯
−1
of E1,1
Z¯
⊗E2,0
Z¯
−1
= E1,1
Z¯
⊗E0,2
Z¯
.
b. If M is of type SO(n, 2), then E1,1
Z¯
= E1,1⋄Z¯ .
c. If M is of type SU(n, 1), then E1,1
Z¯
= E1,1⋄Z¯ ⊕E
1,1
⋄Z¯
∨
.
d. If Z is the deformation of a Shimura subvariety of Hodge type, then NˇZ¯/M¯
is locally free and
ϕ∗TM¯(− log SM¯) ∼= TZ¯(− log SZ¯)⊕ NˇZ¯/M¯.
Proof. If ϕ is an isomorphism, hence if Z¯ = M¯, the properties a), b) and c) have
been verified in Lemma 1.5.
Let Z¯0 denote the largest open subscheme of Z¯ for which ϕ
−1(SM¯)|Z¯0 is a non-
singular divisor and ϕ|Z¯0 a morphism. The Deligne extension is compatible with
pullback under morphisms, and a), b) and c) hold true on Z¯0. Knowing this,
and using the fact that the Higgs bundles induced by the Deligne extension of a
variation of Hodge structures are locally free, one obtains a) and the description of
the Higgs bundles in b) and c) extend to Z¯.
The decomposition in Part d) follows, since in this case both,
TZ¯(− log SZ¯) and ϕ
∗TM¯(− log SM¯),
are direct factors of E1,1
Z¯
⊗E2,0
Z¯
−1
. 
We will need the Simpson correspondence, hence the notion of slopes of coherent
sheaves. Let L be an invertible sheaf, nef and ample with respect to Z. For any
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rank r coherent sheaf F on Z¯ define the degree and the slope with respect to L as
(2.1) degL(F) := c1(F) · c1(L)
d−1 and µL :=
degL(F)
r
.
As we will see in the next Theorem, the generalized Hirzebruch-Ho¨fer inequality is
an inequality of Arakelov type similar to those considered in [STZ03] and [VZ03]
over curves and in [VZ05] and [MVZ07] for variations of Hodge structures of weight
one.
Theorem 2.3. (Hirzebruch-Ho¨fer’s relative proportionality inequality)
Keeping the assumptions and notations stated in 2.1, one finds:
i) If M is of SO(n, 2)-type and if the Griffiths-Yukawa coupling θ2
Z¯
6= 0 then
d · degωZ¯(SZ¯ )(NˇZ¯/M¯) + (n− d) · degωZ¯(SZ¯ )(Ω
1
Z¯(log SZ¯)) =
n ·
(
degωZ¯(SZ¯)(Ω
1
Z¯(log SZ¯))− d · degωZ¯(SZ¯ )(E
2,0
Z¯
)
)
≥ 0.
The equality implies that Z is a Shimura subvariety ofM of Hodge type for
SO(d, 2).
ii) If M is of type SO(n, 2) and if the Griffiths-Yukawa coupling θ2
Z¯
is zero
then
(d+ 1) · degωZ¯(SZ¯ )(NˇZ¯/M¯) + (n− d− 1) · degωZ¯(SZ¯ )(Ω
1
Z¯(logSZ¯)) =
n ·
(
degωZ¯(SZ¯ )(Ω
1
Z¯(log SZ¯))− (d+ 1) · degωZ¯(SZ¯ )(E
2,0
Z¯
)
)
≥ 0.
The equality implies that Z is either the the deformation of a Shimura curve
in M or, if dim(Z) > 1, that Z is a Shimura subvariety of M of Hodge
type for SU(d, 1).
As in Remark 1.3 on a Shimura varietyM of type SU(n, 1) we consider the weight
two variation of Hodge structures with logarithmic Higgs bundle (EM¯, θM¯) given
as the direct sum of (H, τ) and its dual.
Addendum 2.4.
iii) If M is of type SU(n, 1), then the Griffiths-Yukawa coupling θ2
Z¯
is zero and
(d+ 1) · degωZ¯(SZ¯ )(NˇZ¯/M¯) + (n− d) · degωZ¯ (SZ¯)(Ω
1
Z¯(log SZ¯)) =
(n + 1) ·
(
degωZ (S)(Ω
1
Z¯(log SZ¯))− (d+ 1) · degωZ¯(SZ¯ )(E
2,0
Z¯
)
)
≥ 0.
Again the equality implies that Z is either the deformation of a Shimura
curve in M or, if dim(Z) > 1, that Z is a Shimura subvariety of M of
Hodge type for SU(d, 1).
Proof of Theorem 2.3 and Addendum 2.4. All the arguments will concern Z¯, so for
simplicity we will drop the lower index Z¯ for the Higgs bundles on Z¯ and we will
write deg and µ instead of degωZ¯(SZ¯ ) and µωZ¯(SZ¯).
Let us first show the equalities on the left hand sides. We know that
ϕ∗TM¯(− log SM¯) = E
1,1
⋄ ⊗ E
0,2
is a direct factor of E1,1 ⊗ E0,2. In Theorem 2.3 both coincide and deg(E1,1) = 0.
The exact sequence (0.7) together with 1.5 gives then the equality
− deg(Ω1Z¯(logSZ¯)) + deg(NˇZ¯/M¯) = n · deg(E
0,2) = −n · deg(E2,0),
as claimed in i) and ii).
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For the Addendum we use the description of the Higgs bundle of the weight two
variation of Hodge structures W on M in Remark 1.3. It is the direct sum of two
sub Higgs bundles, one in bidegree (2, 0) and (1, 1), the other in bidegrees (1, 1)
and (0, 2). So (E, θ) is the sum of ϕ∗(H, τ) and ϕ∗(H∨, τ∨), with E2,0 = ϕ∗H1,0
invertible and with E1,1 = ϕ∗H0,1 ⊕ ϕ∗H0,1∨. Here
E1,1⋄ ⊗E
2,0−1 = ϕ∗(H0,1 ⊗H1,0
−1
) ∼= ϕ∗TM¯(− logSM¯).
Since (H, τ) is the Higgs bundle of a local systems on M, its first Chern class is
zero. The rank of H0,1 is n and therefore
deg(ϕ∗TM¯(− log SM¯)) = deg(ϕ
∗H0,1)− n · deg(ϕ∗H1,0) =
− (n+ 1) · deg(ϕ∗H1,0) = −(1 + n) · deg(E2,0).
The exact sequence (0.7) together with 1.5 implies that
− deg(Ω1Z¯(log SZ¯)) + deg(NˇZ¯/M¯) = −(n + 1) · deg(E
2,0),
hence the left hand equality in the Addendum 2.4.
The method to obtain the inequality and the interpretation of the extremal case is
parallel to the one used in [STZ03] for the case dim(Z) = 1:
i) Consider the largest saturated Higgs subbundle (F, θ) of (E, θ) containing E2,0.
Hence writing as in [VZ05, Definition 1.7] Im′ for the saturated image, we get
(F, θ) = (E2,0 ⊕ Im′(E2,0 ⊗ TZ¯(− logSZ¯))⊕ Im
′(E2,0 ⊗ S2TZ¯(− logSZ¯)), θ).
The description of the Higgs bundle in Lemma 2.2 b) implies that the saturated
image Im′(E2,0 ⊗ S2TZ¯(− log SZ¯)) is non-zero, hence it is isomorphic to E
0,2.
By Simpson [Si92] (E, θ) is a µ-polystable Higgs bundle and therefore
deg(E2,0) + deg(Im′(E2,0 ⊗ TZ¯(− log SZ¯)))
+ deg(Im′(E2,0 ⊗ S2TZ¯(− logSZ¯))) = deg(F ) ≤ 0.
Since F 2,0 = E2,0 and F 0,2 = E0,2 are dual to each other deg(F 1,1) = deg(F ) ≤ 0.
The morphism ϕ : Z → M is generically finite over its image, hence the natural
inclusion TZ¯(− log SZ¯)→ ϕ
∗TM¯(− log SM¯) is injective and
(2.2) θ : E2,0 ⊗ TZ¯(− log SZ¯)


// Im′(E2,0 ⊗ TZ¯(− log SZ¯))
is an isomorphism over some open dense subscheme. Since ωZ¯(SZ¯) is nef, this
implies that deg(E2,0 ⊗ TZ¯(− logSZ¯)) ≤ degF
1,1 ≤ 0. From this we obtain the
Arakelov inequality
deg(E2,0) ≤ −µ(TZ¯(− logSZ¯)) =
deg(Ω1
Z¯
(logSZ¯))
d
stated in i). Assume now, that this is an equality. Since ωZ¯(SZ¯) is nef and ample
with respect to Z, this forces the inclusion in (2.2) to be an isomorphism on Z. In
particular the two sheaves
E2,0 ⊗ TZ¯(− log SZ¯) and F
1,1 = Im′(E2,0 ⊗ TZ¯(− logSZ¯))
are µ-equivalent, as defined in [VZ05, Definition 1.7].
This equality also implies that
deg(E0,2) = deg(Im′(E2,0 ⊗ S2TZ¯(− log SZ¯))) = deg(E
2,0) + 2µ(TZ¯(− log SZ¯)).
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By Yau’s Uniformization Theorem [Ya93] the sheaf S2Ω1
Z¯
(logSZ¯) is µ-polystable,
and hence the saturated image of
(2.3) E2,0 ⊗ S2TZ¯(− log SZ¯) −→ E
0,2
has to be µ-equivalent to one of the direct factors. Again, the ampleness of ωZ¯(SZ¯)
with respect to Z implies that the morphism in (2.3) is surjective over Z.
By [VZ05, Proposition 2.4] we are allowed to apply Simpson’s Higgs polystability,
proven in [Si92], although the slopes are taken with respect to a non-ample invert-
ible sheaf. Since F ⊂ E is µ-equivalent to its saturated image and of degree zero,
since E2,0 = F 2,0 and E0,2 = F 0,2, one gets a direct sum decomposition
(E, θ) = (F, θ)⊕ (U1,1, 0)
of Higgs bundles. The orthogonality of the splitting with respect to the Hodge
metric implies that (U1,1, 0) comes from a unitary local system. By 1.5 Z is a
subvariety of SO(d, 2) of Hodge type.
ii) The proof is similar. Here the saturated Higgs subsheaf (F, θ) generated by E2,0
is given by
(F, θ) = (E2,0 ⊕ Im′(E2,0 ⊗ TZ¯(− logSZ¯)), θ).
Then
deg(E2,0) + deg(Im′(E2,0 ⊗ TZ¯(− logSZ¯))) ≤ 0
and the corresponding Arakelov inequality says
degE2,0 ≤
deg Ω1
Z¯
(logSZ¯)
d+ 1
.
The equality holds if and only there is a decomposition
(E, θ) = (F, θ)⊕ (F, θ)∨ ⊕ (U1,1, 0),
such that
θ : E2,0 ⊗ TZ¯(− log SZ¯)→ Im
′(E2,0 ⊗ TZ¯(− log SZ¯))
is an isomorphism over Z, hence a µ-equivalence. Again (U1,1, 0) is the Higgs
bundle of a unitary local system in this case, and by 1.5 Z is a Shimura subvariety
of Hodge type for SU(d, 1) if d ≥ 2 or a deformation of such for d = 1.
iii) Finally let M be a Shimura variety of SU(n, 1)-type. Using the notation from
Remark 1.3 the uniformizing Higgs bundle of weight one has the Higgs field
τ : TM ⊗H1,0
≃
−−−→ H0,1.
In [VZ05] we proved the Arakelov inequality, saying that
(2.4) (d+ 1) · degE2,0 = (d+ 1) · deg(ϕ∗(H1,0)) ≤ deg(Ω1Z¯(log SZ¯)),
and that the equality forces Z to be a Shimura subvariety of Hodge type for
SU(d, 1). In the present situation the proof is quite simple. Let (HZ¯ , τZ¯) denote
the Higgs field on Z¯ induced by the Deligne extension. Take the sub Higgs sheaf
(F, θ) generated by H1,0
Z¯
. Again Simpson shows that the degree of
(F, θ) = (E1,0 ⊕ Im′(TZ¯(− logSZ¯)⊗ E
1,0∨), θ)
is non-positive, hence that (2.4) holds.
The equality implies that Z ⊂M is totally geodesic. Since M is of type SU(n, 1)
the sheaf Ω1M¯(logSM¯) is ample with respect to M. Then the subvariety Z ⊂ M
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is rigid. Hence by Theorem 1.1 Z is a Shimura subvariety of Hodge type for
SU(d, 1). 
Remark 2.5. We say that the Hirzebruch-Ho¨fer proportionality (HHP) holds, if
the inequalities
i) µωZ¯(SZ¯ )(NˇZ¯/M¯) ≥ µωZ¯(SZ¯)(TZ¯(− logSZ¯))
ii) (d+ 1) · degωZ¯(SZ¯ )(NˇZ¯/M¯) ≥ (n− d− 1) · degωZ¯(SZ¯ )(TZ¯(− log SZ¯))
iii) (d+ 1) · degωZ¯(SZ¯ )(NˇZ¯/M¯) ≥ (n− d) · degωZ¯ (SZ¯)(TZ¯(− logSZ¯))
in Theorem 2.3 i), ii) and in the Addendum 2.4 iii) are equalities.
If Z is a divisor in M, hence n = d + 1, then the HHP in Theorem 2.3, ii), just
says that the degree of the logarithmic normal sheaf is non-negative, and that Z is
a Shimura subvariety of Hodge type, if and only if it is zero.
Proof of Theorem 0.1. For Y¯ = M¯ and for a non-singular curve C¯ = Z¯ ⊂ Y¯ the
equality of Chern numbers (0.8) gives deg(NˇC¯/Y¯ ) = C¯.C¯+SC¯ −SY¯ .C¯. Since n = 2
and d = 1 the inequality i) in 2.5 says that
C¯.C¯ + deg(SC¯)− SY¯ .C¯ ≥ deg(−KC¯ − SC¯) = (−KY¯ − C¯).C¯ − deg(SC¯),
as stated in (0.1). The inequality iii) translates to
2 · C¯.C¯ + 2 · deg(SC¯)− 2 · SY¯ .C¯ ≥ (−KY¯ − C¯).C¯ − deg(SC¯),
hence to (0.2). 
The remaining inequality ii) is the additional inequality (0.3). However, as ex-
plained in the introduction, the assumptions made for ii) imply that Y is the
product of two curves and C one of the fibres, so C¯.C¯ = 0.
3. Subvarieties of M containing Special subvarieties
From now on M will be a Shimura variety of type SO(n, 2). We consider a closed
subvariety Z ⊂M, and we study subvarieties W ⊂ Z which are Shimura subvari-
eties ofM of Hodge type. We hope that the existence of sufficiently many of them
forces Z to be itself a Shimura subvariety of Hodge type. In Section 4 we will see,
that this hope is fulfilled if their codimension in Z is one.
Assumptions 3.1. Consider a projective manifold Z¯ and the complement Z of a
strict normal crossing divisor SZ¯ . Assume one has generically finite morphisms
W
ψ
−−−→ Z
ϕ
−−−→ M and σ = ϕ ◦ ψ,
such that σ(W ) is not contained in the singular locus of ϕ(Z). We write
n = dim(M), d = dim(Z) and m = dim(W ).
Assume that M is a Shimura variety of type SO(n, 2), that W is the deformation
of a Shimura subvariety of Hodge type, and that σ is induced by a morphism of
groups. In particular its image is non-singular and σ is e´tale over the image. We
choose Mumford compactifications M¯ = M∪ SM¯ and W¯ = W ∪ SW¯ and write
again
W¯
ψ
−−−→ Z¯
ϕ
−−−→ M¯
for the induced rational maps. We keep the assumption that the uniformizing
variation of Hodge structures V on M has unipotent local monodromy at infinity,
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and we decompose V as a direct sum W ⊕ U, where U is the largest unitary
subvariation of Hodge structures.
(EW¯ , θW¯ ), (EZ¯ , θZ¯) and (EM¯, θM¯)
denote the Higgs bundles induced by the Deligne extension of σ∗W, ϕ∗W and W.
Recall that by 0.4 the pullbacks under rational maps are just the reflexive hulls of
the pullback to the largest open subscheme, where the morphisms are defined. In
particular one has on W¯ the natural maps
(3.1) TW¯ (− log SW¯ ) −→ ψ
∗TZ¯(− logSZ¯) −→ σ
∗TM¯(− log SM¯).
By Lemma 2.2 the sheaf σ∗TM¯(− logSM¯) is locally free, whereas ψ∗TZ¯(− log SZ¯) is
just torsion-free. Since σ(W ) meets the non-singular locus of ϕ(Z) both morphisms
in (3.1) are injective. We define again the logarithmic normal sheaf by the exact
sequence
(3.2) 0 −→ TW¯ (− log SW¯ ) −→ ψ
∗TZ¯(− logSZ¯) −→ NˇW¯/Z¯ −→ 0.
Lemma 3.2.
a. The sheaf NˇW¯ /Z¯ is torsion-free and the exact sequence (3.2) splits.
b. Let Nˇ ♮
W¯ /Z¯
be the saturated hull of NˇW¯ /Z¯ in σ
∗TM¯(− log SM¯), i.e.
Nˇ ♮
W¯ /Z¯
= Ker
[
σ∗TM¯(− log SM¯)→
(
σ∗TM¯(− log SM¯)/NˇW¯/Z¯
)
/torsion
]
.
Then µωW¯ (SW¯ )(F)(NˇW¯/Z¯) ≤ µωW¯ (SW¯ )(Nˇ
♮
W¯/Z¯
).
Proof. Since σ : W → M maps to a Shimura subvariety of Hodge type, or to a
deformation of such a variety, we are allowed to apply Lemma 2.2 d). So there is a
surjection η : σ∗TM¯(− logSM¯) → TW¯ (− logSW¯ ) whose restriction to the subsheaf
TW¯ (− log SW¯ ) is an isomorphism. So the restriction of η to ψ
∗TZ¯(− log SZ¯) defines
a splitting of this sheaf as well.
The sheaf NˇW¯/Z¯ is contained in NˇW¯/M¯ and by Lemma 2.2 the latter is locally free.
Part b) follows since ωW¯ (SW¯ ) is nef. 
Theorem 3.3. Under the Assumptions made in 3.1 one has:
i) If the Griffiths-Yukawa coupling is non-zero on W , then
µωW¯ (SW¯ )(Nˇ
♮
W¯/Z¯
) ≤ µωW¯ (SW¯ )(TW¯ (− log SW¯ )) < 0.
ii) If the Griffiths-Yukawa coupling on Z vanishes, then
degωW¯ (SW¯ )(Nˇ
♮
W¯/Z¯
)
rkNˇW¯ /Z¯
≤
degωW¯ (SW¯ )(TW¯ (− log SW¯ ))
m+ 1
< 0.
iii) Assume that W →M is the deformation of a Shimura curve of Hodge type,
and that Z ⊂M is a quasi-projective surface. Then
degωW¯ (SW¯ ) Nˇ
♮
W¯ /Z¯
≤ 0.
If this is an equality, then the Griffiths-Yukawa coupling along W vanishes
and the Griffiths-Yukawa coupling on Z does not vanish.
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In order to state what happens if the inequalities in Theorem 3.3 are equalities, we
need some more notations. Recall that the Higgs field
θ : TM¯(− logSM¯)⊗E
2,0
M¯ −→ E
1,1
M¯
is an isomorphism. Consider the tautological sequence for ϕ : Z¯ → M¯
0 −→ TZ¯(− logSZ¯) −→ ϕ
∗TM¯(− log SM¯) −→ NˇZ¯/M¯ −→ 0.
Via the identification TM¯(− log SM¯)⊗ E
2,0
M¯ = E
1,1
M¯ the inclusion
TZ¯(− log SZ¯) −→ ϕ
∗TM¯(− logSM¯)
tensorized with idE2,0
Z¯
is θ : TZ¯(− logSZ¯)⊗ E
2,0
Z¯
−→ E1,1
Z¯
.
We now consider the saturated Higgs subsheaf (F, θ) ⊂ (EZ¯ , θZ¯), which is generated
by E2,0
Z¯
. So one has
F 2,0 = E2,0
Z¯
, F 1,1 = Im′
(
θ : TZ¯(− logSZ¯)→ E
1,1
Z¯
)
,(3.3)
and F 0,2 = Im′
(
θ2 : S2TZ¯(− log SZ¯)→ E
0,2
Z¯
)
.(3.4)
In particular F 0,2 is zero if the Griffiths-Yukawa coupling is zero, and equal to E0,2
otherwise.
Addendum 3.4. In Theorem 3.3 assume that:
µωW¯ (SW¯ )(NˇW¯/Z¯) = µωW¯ (SW¯ )(TW¯ (− log SW¯ )) in case i),(3.5)
degωW¯ (SW¯ )(NˇW¯ /Z¯)
rkNˇW¯/Z¯
=
degωW¯ (SW¯ )(TW¯ (− log SW¯ ))
m+ 1
in case ii),(3.6)
degωW¯ (SW¯ ) NˇW¯/Z¯ = 0 in case iii).(3.7)
Then ψ∗Im
(
θ : TZ¯(− log SZ¯)→ E
1,1
Z¯
)
and ψ∗F 1,1 are torsionfree. The inclusions
ψ∗Im
(
θ : TZ¯(− logSZ¯)→ E
1,1
Z¯
)
−→ ψ∗F 1,1 −→ (ψ∗F 1,1)♮
are isomorphisms on W and µωW¯ (SW¯ ) equivalences. Moreover (ψ
∗F )♮ is a direct
factor of EW¯ and hence locally free and c1((ψ
∗F )♮) = 0. In particular on W the
sequence
0 −→ ψ∗TZ −→ σ∗TM −→ ψ∗NZ/M −→ 0
remains exact and splits.
Recall that an inclusion F ⊂ G is a µωW¯ (SW¯ )-equivalence, if both sheaves have the
same rank, and if µωW¯ (SW¯ )(F) = µωW¯ (SW¯ )(G). Since ωW¯ (SW¯ ) is nef and ample with
respect to W this implies that F → G is an isomorphism over W .
The statement of Addendum 3.4 says that infinitesimally in a neighborhood of W
the subscheme Z of M looks like a Shimura subvariety. In the next section we
will show that such an information for sufficiently many divisors forces Z to be a
Shimura variety.
Proof of Theorem 3.3 and of the Addendum 3.4.
For simplicity from now on slopes and degrees will always be with respect to
c1(ωW¯ (SW¯ )), so we drop the lower index and write deg(F) and µ(F) instead of
degωW¯ (SW¯ )(F) and µωW¯ (SW¯ )(F).
We will also write (E, θ) instead of (EW¯ , θW¯ ) for the Higgs field induced by the
Deligne extension of the variation of Hodge structures to W¯ . In order to prove
Theorem 3.3 and Addendum 3.4 we will consider each of the cases i), ii) and iii)
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separately.
Let us start with case i). Since W is a subvariety of Hodge type and since the
Griffiths-Yukawa coupling is non-zero, there is a decomposition of the form
(E2,0 ⊕ E1,1 ⊕E0,2, θ)|W = (E
2,0 ⊕ E1,1⋄ ⊕ E
0,2, θ)|W ⊕ (U
1,1, 0)|W ,
such that the first component uniformizes W and such that the second component
is the Higgs field of a unitary variation of Hodge structures of bidegree (1, 1). The
compatibility of the Deligne extension with pullbacks implies that this decomposi-
tion extends to W¯ .
Since E1,1⋄ ≃ TW¯ (− logSW¯ ) ⊗ E
2,0 is ωW¯ (SW¯ )-polystable of slope zero and since
U1,1 corresponds to a unitary local system over W¯ , we see that
σ∗TM¯(− log SM¯) ≃ E
1,1⊗E0,2 = (E1,1⋄ ⊕U
1,1)⊗E0,2 ≃ TW¯ (− log SW¯ )⊕U
1,1⊗E0,2
is ωW¯ (SW¯ )-polystable and that TW¯ (− logSW¯ ) is a direct factor of σ
∗TM¯(− logSM¯),
hence of ψ∗TZ¯(− logSZ¯).
By the exact sequence (3.2) the projection from σ∗TM¯(− log SM¯) to U
1,1 ⊗ E0,2
induces an injection
Nˇ ♮
W¯ /Z¯
−→ U1,1 ⊗E0,2.
So
µ(Nˇ ♮
W¯/Z¯
) ≤ µ(U1,1 ⊗ E0,2) = µ(TW¯ (− logSW¯ )),
as stated in Part i).
By Lemma 3.2 the sheaf F 1,1 is without torsion. Since
µ(NˇW¯/Z¯) ≤ µ(Nˇ
♮
W¯/Z¯
) ≤ µ(U1,1 ⊗E0,2),
the equality (3.5) shows that NˇW¯/Z¯ and Nˇ
♮
W¯ /Z¯
are µ-equivalent. Moreover, as
explained in [VZ05, Proposition 2.4] the Simpson correspondence [Si92] implies
that Nˇ ♮
W¯/Z¯
⊗ E2,0 is a direct factor of U1,1.
The saturated hull (ψ∗F 1,1)♮ is nothing but E1,1⋄ ⊕Nˇ
♮
W¯/Z¯
⊗E2,0, hence of slope zero.
Since the Griffiths-Yukawa coupling is non-zero one has (ψ∗F 0,2) = E0,2, and since
(ψ∗F 2,0) = E2,0 one finds that (ψ∗F )♮ is a direct factor of E.
Obviously ψ∗Im
(
θ : TZ¯(− log SZ¯) → E
1,1
Z¯
)
, ψ∗F 1,1 and (ψ∗F 1,1)♮ are µ-equivalent,
so we verified Addendum 3.4 in case i), except of the strict inequality on the right
hand side.
Before finishing i), let us consider the case where the Griffiths-Yukawa coupling on
W is zero. This holds in iii) by assumption, and in ii) since the Griffiths-Yukawa
coupling on Z is zero. Then one obtains on W¯ a different type of decomposition,
(E2,0 ⊕ E1,1 ⊕ E0,2, θ) = (E2,0 ⊕ E1,1⋄ , θ)⊕ (U
1,1, 0)⊕ (E1,1∨⋄ ⊕ E
0,2, θ).
Here (E2,0⊕E1,1⋄ , θ) uniformizes W as a ball quotient, (U
1,1, 0) is the Higgs bundle
of a unitary variation of Hodge structures of type (1, 1), and (E1,1∨⋄ ⊕E
0,2, θ) is the
dual of (E2,0 ⊕E1,1⋄ , θ).
Note that the uniformization gives TW¯ (− log SW¯ ) ≃ E
1,1
⋄ ⊗E
0,2. Hence, one has
σ∗TM¯(− log SM¯) ≃ E
1,1 ⊗E0,2 = (E1,1⋄ ⊕ U
1,1 ⊕ E1,1∨⋄ )⊗ E
0,2
≃ TW¯ (− log SW¯ )⊕ U
1,1 ⊗ E0,2 ⊕ E1,1∨⋄ ⊗ E
0,2
and contrary to the case i) σ∗TM¯(− log SM¯) is not polystable. Nevertheless the
sheaf TW¯ (− log SW¯ ) is a direct factor of σ
∗TM¯(− logSM¯) and of ψ
∗TZ¯(− logSZ¯).
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Dividing by E1,1⋄ ⊗ E
0,2 the exact sequence 3.2 defines an embedding
(3.8) Nˇ ♮
W¯ /Z¯
→֒ U1,1 ⊗ E0,2 ⊕ E1,1∨⋄ ⊗E
0,2
and (ψ∗F 1,1)♮ = E1,1⋄ ⊕ Nˇ
♮
W¯ /Z¯
⊗ E2,0.
In ii) we assumed that the Griffiths-Yukawa coupling vanishes on Z. So the image
of Nˇ ♮
W¯ /Z¯
must lie in the kernel of
θ ⊗ idE0,2 : E
1,1 ⊗ E0,2 −→ E0,2
⊗2
⊗ Ω1Z¯(logSZ¯),
hence in U1,1 ⊗ E0,2. Since the sheaf U1,1 ⊗ E0,2 is ωW¯ (SW¯ )-polystable of slope
deg(E0,2), we obtain
(3.9) µ(NˇW¯ /Z¯) ≤ µ(U
1,1 ⊗ E0,2) = deg(E0,2).
Applying Theorem 2.3, ii), to the pair W →M one obtains
c1(TW¯ (− log SW¯ )) = (dim(W ) + 1) · c1(E
0,2),
and therefore
µ(Nˇ ♮
W¯/Z¯
) ≤
deg(TW¯ (− log SW¯ ))
dim(W ) + 1
,
as stated in Part ii).
The equality (3.9) implies that this is an equality and that NˇW¯ /Z¯ → Nˇ
♮
W¯ /Z¯
is a
µ-equivalence. Moreover one finds
deg((ψ∗F )♮) = deg(E2,0 ⊕ E1,1⋄ ⊕ Nˇ
♮
W¯ /Z¯
⊗E2,0) =
(d+ 1) · deg(E2,0) + deg(TW¯ (− log SW¯ )) + deg(Nˇ
♮
W¯ /Z¯
) =
(d+ 1− (m+ 1)− (d−m)) · deg(E2,0) = 0.
By [VZ05, Proposition 2.4] the Simpson correspondence implies that (ψ∗F )♮ ⊂ E
is a direct factor.
For Theorem 3.3, i) and ii), it remains to verify the strict inequality on the right
hand side. In both cases the sheaf Nˇ ♮
W¯/Z¯
is isomorphic to a subsheaf of the
semistable sheaf U1,1 ⊗ E0,2, hence µ(Nˇ ♮
W¯/Z¯
) ≤ µ(E0,2) < 0.
In the remaining case iii) we have again the embedding in (3.8). Since W is a
curve, using the notation introduced there, one has
E1,1∨⋄ ⊗ E
0,2 = (E2,0 ⊗ TW¯ (− log SW¯ ))
∨ ⊗ E0,2 = OW¯
and Nˇ ♮
W¯ /Z¯
is a subsheaf of U1,1 ⊗ TW¯ (− log SW¯ )
1/2 ⊕ OW¯ . This inclusion implies
that deg(Nˇ ♮
W¯ /Z¯
) ≤ 0, as stated in Part iii).
If the equation (3.7) holds one has NˇW¯ /Z¯ = Nˇ
♮
W¯/Z¯
and both are of degree zero. So
the projection to the negative sheaf U1,1 ⊗ TW¯ (− log SW¯ )
1/2 must be zero, hence
NˇW¯ /Z¯ = OW¯ . Then
ψ∗F 1,1 = TW¯ (− log SW¯ )⊗E
2,0 ⊕E2,0,
and since F 2,0 = E2,0 and F 0,2 = E0,2 one obtains deg((ψ∗F )♮) = 0. Again the
Simpson correspondence implies that (ψ∗F, θ) ⊂ (E, θ) is a direct factor. 
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4. A characterization of subvarieties of a Shimura variety M of
type SO(n, 2).
In this section we start with an auxiliary result on a finite set of divisors {Yi}i∈I
on projective manifolds X . Later X will be the compactification of a subscheme
of M and the Yi will be compactifications of Shimura subvarieties Wi of M.
Lemma 4.1. Let X be a smooth projective manifold of dimension d and let {Yi}i∈I
be a set of pairwise distinct prime divisors. Let ρ be the Picard number of X, let
A be a nef and big divisor on X and assume that Y 2i .A
d−2 < 0 for all i ∈ I.
If #I ≥ ρ2+ρ+1 then there exists a linear combination D =
∑
i∈I aiYi with ai ∈ N
and D2.Ad−2 > 0.
Proof. Let NS(X)Q be the Q-Neron-Severi group of X and let ≡ stand for “nu-
merical equivalence”. Remark first that for effective divisors D and D′ without
common components, the intersection D.D′ is a linear combination of codimen-
sion two subschemes with non-negative coefficients. Since A is nef, one obtains
D.D′.Ad−2 ≥ 0.
We start with any subset I1 ⊂ I of cardinality ρ+ 1, say I1 = {1, . . . , ρ+ 1}. The
images of the divisors Y1, . . . , Yρ+1 in NS(X)Q must be linearly dependent, hence
there exist a1, . . . , al, b1, . . . , bm ∈ N with
D1 ≡ D
′
1 for D1 =
l∑
i=1
aiYi and D
′
1 =
m∑
j=1
bjYj.
Since D1 and D
′
1 are effective divisors without common components one obtains
D21.A
d−2 = D′1D1.A
d−2 ≥ 0. If D21.A
d−2 > 0, we are done.
If D21.A
d−2 = 0 and if there exists a divisor Yj with j > ρ+1 and with D.Yj.Ad−2 >
0, then for m sufficiently large (mD1 + Yj)
2.Ad−2 > 0, and again we found the
divisor we are looking for.
Hence if the statement of Lemma 4.1 is wrong, for any system of disjoint subsets
I1, . . . , Iρ ⊂ I with #Iι = ρ+ 1, we can find effective non-zero divisors
Dι =
∑
i∈Iι
ai · Yi
with D2ι .A
d−2 = 0 and with Yj.Dι.Ad−2 = 0 for all j ∈ I \Iι. In particular, choosing
νι ∈ Iι with aνι 6= 0 the intersection Yνι.Yj.A
d−2 = 0 for j ∈ I \ Iι.
By assumption I \ (I1 ∪ · · · ∪ Iρ) still contains one element, say νρ+1, and the
intersection of Ad−2 with two different divisors in {Yν1, . . . , Yνρ+1} is zero. So given
a linear combination
0 =
ρ+1∑
ι=1
αι · Yνι one finds 0 =
ρ+1∑
ι=1
αι · Yνι.Yνk .A
d−2 = αk · Yνk .Yνk .A
d−2,
for all 1 ≤ k ≤ ρ+ 1. The assumption Y 2i .A
d−2 < 0 implies
α1 = · · · = αρ+1 = 0,
and hence the images of {Yν1, . . . , Yνρ+1} in NS(X)Q are linear independent, a con-
tradiction. 
From now on, as indicated in the title of this section, M will again be a Shimura
variety of type SO(n, 2).
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Assumptions 4.2. Consider a projective manifold Z¯ of dimension d ≥ 2 and the
complement Z of a strict normal crossing divisor SZ¯ with Ω
1
Z¯
(log SZ¯) nef and with
ωZ¯(SZ¯) ample with respect to Z. Given an injection ϕ : Z → M and a finite
index set I, consider for i ∈ I non-singular irreducible divisors Wi on Z, hence
m = dim(Wi) = d− 1.
The corresponding embeddings will be denoted by
Wi
ψi−−−→ Z
ϕ
−−−→ M and σi = ϕ ◦ ψi.
We assume that M is a Shimura varieties of type SO(n, 2), that the Wi are de-
formations of Shimura subvarieties of Hodge type, and that σi is induced by a
morphism of groups. Choosing Mumford compactifications M¯ = M ∪ SM¯ and
W¯i = Wi ∪ SW¯i, we write again
W¯i
ψi−−−→ Z¯
ϕ
−−−→ M¯ and σi = ϕ ◦ ψi
for the induced rational maps. Let V be the uniformizing variation of Hodge
structures onM, let U be the largest unitary subvariation of Hodge structures and
V = W⊕U. As usual (EZ¯ , θZ¯) will denote the Higgs bundle induced by the Deligne
extension of ϕ∗W.
Notations 4.3. Let ρ denote the Picard number of Z¯ and let δ denote the number
of non-empty intersections Sℓ ∩ Sk of different components Sℓ and Sk of SZ¯ . We
define ς(Z¯) = ρ2 + ρ+ 1 if one of the following conditions holds:
(1) d = dim(Z) ≥ 4.
(2) For all i ∈ I the divisor SZ¯|ψi(W¯i) − (SZ¯ |ψi(W¯i))red, considered in (0.8), is
zero.
(3) For all i, j ∈ I one has ψi(W¯i) ∩ ψj(W¯j) 6= ∅.
Otherwise we choose ς(Z¯) = (ρ+ δ)2 + ρ+ δ + 1.
Theorem 4.4. Under the assumptions made in 4.2 one has:
i) If the Wi are of type SO(d − 1, 2), for all i ∈ I, if they satisfy the HHP
equality
µωW¯i(SW¯i )
(NˇW¯i/Z¯) = µωW¯i(SW¯i )
(TW¯i(− log SW¯i)),
and if #I ≥ ς(Z¯), then Z ⊂ M is a Shimura subvariety of Hodge type for
SO(d, 2).
ii) Assume that the Griffiths-Yukawa coupling vanishes on Z¯. If the Wi are
Shimura varieties of type SU(d− 1, 1), if
degωW¯i (SW¯i )
(NˇW¯i/Z¯)
rkNˇW¯i/Z¯
=
degωW¯i(SW¯i )
(TW¯i(− log SW¯i))
d+ 1
,
and if #I ≥ ς(Z¯), then Z ⊂ M is a Shimura subvariety of Hodge type for
SU(d, 1).
iii) Assume that Z¯ is a surface and that I = {1, 2}. Assume that
σ1(W¯1) ∩ σ2(W¯2) 6= ∅
and that deg NˇW¯i/Z¯ = 0. Then Z is the product of two Shimura curves of
Hodge type.
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Let us start with some preparations for the proof. First of all, by Lemma 1.5 for
any coherent sheaf F one has
degE2,0(F) = (d− 1)
d−2 · degωW¯ (SW¯ )(F) or µE2,0(F) = d
d−2 · µωW¯ (SW¯ )(F),
depending on the type of Wi. In both cases we are allowed to replace the slope
with respect to c1(ωW¯i(SW¯i)) by the one with respect to c1(E
2,0) or c1(ϕ
∗ωM¯(SM¯)).
The Mumford compactification M¯ maps to the Baily-Borel compactification M¯∗,
and for γ sufficiently large the sheaf ϕ∗ωM¯(SM¯)
γ is the pullback of a very ample
sheaf ωM¯∗ on M¯
∗ (see [Mu77]). Then the invertible sheaf
L = det(E1,1
Z¯
⊗E2,0
Z¯
)−γ = ϕ∗(ωM¯(SM¯))
γ
is semiample. In fact, if φ : Zˆ → Z¯ is a morphism such that Z¯ → M¯∗ extends to
a morphism ϕˆ : Zˆ → M¯∗ the unicity of the Deligne extension implies that
φ∗ϕ∗L = φ∗ det(E1,1
Z¯
⊗E2,0
Z¯
)−γ = ϕˆ∗ωγM¯∗ ,
and hence that L is generated by global sections. In the same way, one sees that
ψ∗iL is an invertible sheaf on W¯i which is generated by global sections.
The dimension of M¯∗ \M is at most one (see [Lo03], for example). Hence given
any component ∆Z¯ of the boundary SZ¯ (or of SW¯i) one finds
∆.c1(L)
2 = c1(L|∆)
2 ≡ 0 (or ∆.c1(ψ
∗
iL)
2 ≡ 0), and(4.1)
∆.c1(L) = c1(L|∆) ≡ 0 (or ∆.c1(ψ
∗
iL) ≡ 0),
if the dimension of the image of ∆Z¯ or ∆W¯i in M¯
∗ is a point.
We will need blowing ups of the Mumford compactificationM such that the proper
transform Wi meets the boundary transversally outside of codimension two:
Proposition 4.5. For some i ∈ I let ∆ be a component of SW¯i such that the
morphism ∆ → M¯∗ is finite (hence d ≤ 3). Then there exists a blowing up
Ψ : M¯∆ → M¯, with centers in SM¯, such that:
(1) SM¯∆ = M¯∆ \M is a normal crossing divisor and Ω
1
M¯∆(log SM¯∆) is nef.
(2) In a neighborhood of the general point of ∆ the rational map σi : Wi →M
extends to an embedding σ∆ : W¯i → M¯∆ whose image intersects SM¯∆
transversally.
Proof. Since the first condition holds on M¯ it will hold on M¯∆ if (and only if) we
only blow up strata of the boundary divisors. In fact, this is an easy exercise if the
center is a point. Since locally along any stratum of SM¯∆ the manifold M¯ looks
like a product one obtains the general case.
For the proof one has to compare the toroidal compactifications, constructed in
[AMRT75], for two local symmetric domains. Fortunately we will only need this
in smooth points of boundary components. A by far more extensive description
will be given in Section 2 of the forthcoming article [And07], and we use this as an
excuse, just to sketch the arguments.
Let us fix i and ∆ and drop the lower indices. Recall thatM = Γ\SO(n, 2)/K with
Γ a neat arithmetic group and that W = Γ′\G′/K ′ is a local symmetric domain.
The inclusion W → M is induced by a homomorphism of groups G′ → G :=
SO(n, 2) with a finite kernel. To define the Mumford compactification one needs
several data, which we list for G. Adding a ′ gives the corresponding notations for
G′.
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First of all, let D = G/K → D∨ be the embedding of D (we drop the +, used in
the first section) in its compact dual D∨. The maximal analytic submanifolds F
of D∨ \D are called the boundary components of D. One defines (see [Mu77, §3]):
• N(F ) := {g ∈ G; gF = F}.
• F is rational if Γ ∩N(F ) is an arithmetic subgroup of N(F ).
Recall that the boundary of the Baily-Borel compactification M¯∗\M is the disjoint
union of finitely many subspaces of the form (Γ ∩N(F ))\F for rational boundary
components F . Next we need
• U(F ) = the center of the unipotent radical W (F ) of N(F ), as a vector
space ≈ Ck.
The homomorphism τ : G′ → G extends to a homomorphism D′∨ → D∨ (see
[AMRT75] and it induces a map from the set of rational boundary components of
D′ to the one of D. Moreover, the inclusion W ⊂M extends to a map W¯ ∗ → M¯∗
of the Baily-Borel compactifications, compatible with the map between boundary
components. Fixing some boundary component F ′ of D′ with image F , the charac-
terization of boundary components in [AMRT75, III, §3] shows that F is rational if
the same holds for F ′. Moreover τ induces compatible morphisms N(F ′)→ N(F ),
W (F ′) → W (F ) and U(F ′) → U(F ). Furthermore one needs a self-adjoint open
convex cone C(F ) ⊂ U(F ), homogeneous under G. Again the latter is compatible
with τ . The toroidal compactification depends on certain compatible decomposi-
tions of the cones C(F ), for all boundary components. Or, if one uses coordinates,
as Mumford does in [Mu77, §3], it is given by a certain basis {ξ1, . . . , ξk} of the
Z-module Γ ∩ U(F ), with ξ1, . . . ξµ ∈ C(F ) and with ξµ+1, . . . , ξk ∈ C(F ) \ C(F ),
for some µ ≥ 1. As we will recall in a moment, each point q in M¯, lying on SM¯ and
with image in (Γ ∩ N(F ))\F , has an analytic neighborhood isomorphic an open
subset of Ck × Cℓ × F with coordinates (z1, . . . , zk) on the first factor. Here the
intersection with M corresponds to the intersection with C∗k × Cℓ × F , and the
different boundary components of SM¯ map to the zero sets of zι for some 1 ≤ ι ≤ µ
(see [Mu77, page 256, 5)]).
The pullback of the cone decomposition defining M¯ gives a cone decomposition for
F ′, hence a second toroidal compactification W¯ ′. In a neighborhood of a general
point of ∆ we have a morphism W¯ → W¯ ′, and since both map to the Baily-Borel
compactification, this morphism will be an embedding. So we may replace W¯ by
W¯ ′. As usual we drop the upper index ′, and assume that there is a morphism
σ : W¯ →M of toroidal embeddings.
By assumption, the dimension of ∆ is equal to the one of the rational boundary
component F ′, hence in the description given above one has k′ = 1 and ℓ′ = 0, and
U(F ′) is one dimensional. Hence there is exactly one generator ξ′ in the cone C(F ′).
Its image in C(F ), again denoted by ξ′ can be written as a linear combination
ξ′ =
k∑
i=1
aiξi with ai ∈ N and ggT{ai; ai 6= 0} = 1.
Let us take up the description of local charts, given in [Mu77, page 256]:
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D′
⊂
**
//

(U(F ′)C × F ′)
γ′

α
++
D //

(U(F )C × Cℓ × F )
γ

Γ′\D′ ∩ U(F ′) 

//

(C∗ × F ′)
β
33
Γ\D ∩ U(F ) 

//

(C∗k × Cℓ × F )
W
⊂
//M
Here using the basis {ξi} the vectorspace U(F )C is identified with Ck and
γ(x1, . . . , xk) = (e
2π
√−1·x1, . . . , e2π
√−1·xk),
and the same description holds on the left hand side.
The morphisms α and β respect the product decomposition, and on the first com-
ponent α(x) = (a1 ·x, . . . , ak ·x). So writing the coordinates on C∗ and C∗
k as z and
(z1, . . . , zk) one finds β(z) = (z
a1 , . . . , zak), again neglecting the other components.
As above, local neighborhoods of boundary points q of M¯ are given by certain
tuples (F, {ξi}), and the components of the boundary corresponds to the zero set
of some of the first µ components. We are only interested in those charts, con-
taining the image p of a general point of ∆. So in the description of ξ′ as a linear
combination of the ξi we can assume that
a1 ≥ a2 ≥ · · · ≥ aµ′ > aµ′+1 = · · · = ak = 0,
for some 1 ≤ µ′ ≤ µ. Then the image of each branch of W¯ in a neighborhood of p
is parameterized by β(z) = (za1 , . . . , zaµ′ , 1, . . . , 1), with ggT{a1, · · · , aµ′} = 1.
If µ′ = 1 we are done. If µ′ > 1 we blow up the corresponding stratum of SM¯.
After finitely many steps one finds an embedded resolution such that the proper
transform meets the new boundary transversally in the smooth locus. 
Corollary 4.6. Let ∆ be an irreducible component of the divisor
SZ¯|ψi(W¯i) − (SZ¯ |ψi(W¯i))red ∈ Div(ψi(W¯i))
considered in (0.9). Then either ψi(∆) is contained in the intersection Sℓ ∩ Sk of
two different components Sℓ and Sk of SZ¯ or ψi(∆).c1(L)
d−2 = 0 for the invertible
sheaf L introduced above.
Proof. We will assume that ψi(∆) is just contained in one component Sℓ, and we
will show, that its multiplicity in SZ¯|ψi(W¯i) is at most one. To this aim, we use
Proposition 4.5 to choose the blowing up M¯∆ of the given Mumford compactifica-
tion. By abuse of notations we drop the indices i and ∆.
In order to verify the Corollary 4.6, we also may replace Z by the intersection with
d− 2 general divisors L1, . . . , Ld−2 of the invertible sheaf L, introduced above, and
correspondingly W¯ by the intersection of ψ∗L1, . . . , ψ∗Ld−2. In fact, if ∆ does not
meet this intersection, there is nothing to show. In particular, as remarked in (4.1)
this intersection will be trivial if the fibres of ∆→ M¯∗ are positive dimensional. As
stated in (4.1) this will always be the case for d ≥ 4, hence dim(∆) ≥ 2. Remark
that the local transversality of the intersection of σ(W¯ ) with SM¯ will be preserved
under intersection with general Li.
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So let us restrict ourselves to the case where Z¯ is a surface and W¯ a curve. We
have rational maps
W¯
ψ
−−−→ Z¯
ϕ
−−−→ M¯,
where ψ and σ = ϕ ◦ ψ are morphisms and where ∆ is a reduced point of σ∗SM¯.
Choose a minimal blowing up Φ : Z¯ ′ → Z¯ such that the composite ϕ′ = ϕ ◦ Φ is a
morphism. Of course ψ lifts to a morphism ψ′ : W¯ → Z¯ ′ near ∆. Since
σ∗SM¯ = ψ
′∗ϕ′∗SM¯ ≥ ψ
′∗SZ¯′,
the multiplicity of ∆ in ψ′∗SZ¯′ is again one and so ϕ
′∗SM¯ is reduced and non
singular in a neighborhood of ψ′(∆). Since ϕ′ is injective away from the boundary
there is a neighborhood of ψ′(∆) on which the morphism ϕ′ is an embedding whose
image meets SM¯ transversally. So the natural map
ϕ′∗Ω1M¯(log SM¯) −→ Ω
1
Z¯′(log SZ¯′)
will be surjective over this neighborhood. On the other hand, the sheaf on the
left hand side is nef, and the same holds true for its image in Ω1
Z¯′
(logSZ¯′). So the
image has to lie in Φ∗Ω1
Z¯
(logSZ¯). Since we assumed that ψ(∆) is a smooth point
of the boundary SZ¯ , the support of the cokernel of
Φ∗Ω1Z¯(log SZ¯) ⊂ Ω
1
Z¯′(logSZ¯′)
contains the whole exceptional locus. So there is no blowing up, ϕ is a morphism,
and ∆ is reduced in ψ∗SZ¯ . 
Proof of Theorem 4.4. We start with parts i) and ii).
Let us choose morphisms φi : Wˆi → W¯i such that the rational map ψi lifts to a
morphism ψˆi : Wˆi → Z¯. Since NˇW¯i/Z¯ →֒ φi∗φ
∗
i NˇW¯i/Z¯ →֒ Nˇ
♮
W¯i/Z¯
one obtains
degψˆ∗i L(φ
∗
i NˇW¯i/Z¯/torsion) = degψ∗i L(φi∗φ
∗
i NˇW¯i/Z¯) = deg(NˇW¯i/Z¯)..
As ϕ|Z is an embedding, the Assumptions made in 3.1 hold and Theorem 3.3, i)
and ii) and the projection formula imply that for all i ∈ I
degψˆ∗i L(φ
∗
i NˇW¯i/Z¯/torsion) < 0.
Claim 4.7. If dim(Z) = d ≥ 4 then degψˆ∗i L(φ
∗
i NˇW¯i/Z¯/torsion) = (ψˆi(Wˆi))
2.c1(L)d−2.
In particular (ψˆi(Wˆi))
2.c1(L)d−2 < 0.
Proof. By (4.1) for any component ∆j of SW¯i one has ∆j .c1(L)
d−2 = 0, and the
Claim 4.7 follows from (0.9). 
Unfortunately, for d ≤ 3 the corresponding equality is only guaranteed under the
additional assumption made in the Notations 4.3, (2).
Claim 4.8. Assume that #I ≥ ρ2 + ρ + 1. Then one of the following conditions
hold:
a. There exists a linear combination
D =
∑
i∈I
ai · ψˆi(Wˆi),
with ai ≥ 0, such that D2.c1(L)d−2 > 0.
b. For all i ∈ I the intersection number (ψˆi(Wˆi))2.c1(L)d−2 ≤ 0, and for some
ι ∈ I and all i ∈ I the intersection numbers (ψˆι(Wˆι)).(ψˆi(Wˆi)).c1(L)d−2 = 0.
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Proof. If (ψˆi(Wˆi))
2.c1(L)d−2 > 0 for some i ∈ I the condition a) obviously holds
true. If there are two indices i and j with
(ψˆι(Wˆι)).(ψˆi(Wˆi)).c1(L)
d−2 > 0 and (ψˆι(Wˆι))
2.c1(L)
d−2 = 0
one can choose D = α · ψˆι(Wˆι) + ψˆi(Wˆi) for α≫ 1, and again a) holds.
If (ψˆi(Wˆi))
2.c1(L)
d−2 < 0 for all i ∈ I, one can use Theorem 4.1 to verify a).
All the remaining cases are covered by b). 
Claim 4.9. Assume that we are in case b) in Claim 4.8. Then there exists a
blowing up Φ : Z¯ ′ → Z¯, which satisfies again the assumptions made in 4.2, and for
which one is in case a).
Proof. We choose Φ : Z¯ ′ → Z¯ to be the successive blowing up of the non-empty
intersections Sℓ ∩ Sk of different components Sℓ and Sk of SZ¯ .
By Claim 4.7 the condition (1) in the Notations 4.3 excludes the case b) in Claim
4.8. For the other two conditions (2), and (3) stated there, the same is obvious.
So the definition of ς(Z¯) and the assumptions made in Theorem 4.4, i) and ii) say
that
#I ≥ (ρ+ δ)2 + ρ+ δ + 1 = ρ(Z¯ ′)2 + ρ(Z¯)′ + 1.
Of course we may assume that φi : Wˆi → W¯i is chosen such that ψˆi : Wˆi → Z¯
factors through ψˆ′i : Wˆi → Z¯
′.
As we had seen already in the proof of Proposition 4.5 the divisor SZ¯′ = Z¯
′ \ Z =
Φ−1(SZ¯) is still a normal crossing divisor and
Ω1Z¯′(log SZ¯′) = Φ
∗Ω1Z¯(logSZ¯).
So Z¯ again satisfies the assumptions made in 4.2.
Let X ⊂ Z¯ be the smooth surface obtained by intersecting d − 2 zero-divisors of
general sections of L and let X ′ be its preimage in Z¯ ′. Then for all i ∈ I
(ψˆi(Wˆi))
2.c1(L)
d−2 = (ψˆi(Wˆi)|X)2 ≥ (ψˆ′i(Wˆi)|X′)
2.
If this is an equality, none of the points lying on ψˆi(Wˆi) is blown up.
On the other hand, if W¯i is one of the divisors with (ψˆi(Wˆi))
2.c1(L)d−2 = 0,
hence with (ψˆi(Wˆi)|X)2 = 0, then for some component ∆ of ψˆ∗i SZ¯ − SWˆi one has
ψˆi(∆).c1(L)d−2 > 0. By Corollary 4.6 ψˆi(∆) contains at least one of the intersec-
tions Sℓ,k, hence its restriction to X is blown up.
Then for all i ∈ I one finds (ψˆ′i(Wˆi))
2.c1(Φ
∗L)d−2 < 0 and the last condition in
Claim 4.8, b) is violated for i = ι. 
From now on, we will replace Z¯ ′ by Z¯ and assume by abuse of notations that we
are in case a) in Claim 4.8, hence for some effective linear combination D of the
ψi(W¯i) we have D
2.c1(L)d−2 > 0.
Consider the saturated Higgs subsheaf (F, θ) ⊂ (EZ¯ , θZ¯), which is generated by
E2,0
Z¯
, as described in (3.3) and (3.4). Since (F, θ) ⊂ (EZ¯ , θZ¯) is a Higgs subbundle
of a Higgs bundle arising from a variation of Hodge structures with logarithmic
singularity along SZ¯ , the sheaf det(F ) is negative semi-definite in the sense that
the curvature of the Hodge metric is negative semi-definite.
Then by the projection formula
degψˆ∗i L(φ
∗
iψ
∗
i F/torsion) = degψ∗i L(φi∗φ
∗
i (ψ
∗
i F/torsion)).
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Since ψ∗i F →֒ φi∗φ
∗
i (ψ
∗
i F/torsion) →֒ (ψ
∗
i F )
♮, it follows from Addendum 3.4 that this
degree is zero. The projection formula implies that
c1(F ).ψˆi(Wˆi).c1(L)
d−2 = 0 hence c1(F ).D.c1(L)d−2 = 0.
Let again X ⊂ Z¯ be the smooth surface obtained by intersecting d−2 zero-divisors
of general sections of L. Then c1(F |X).D ∩X = 0. Since
(D ∩X)2 > 0 and (detF |X)
2 ≥ 0,
the Hodge index theorem implies that c1(detF |X) = 0.
Since c1(F ) is represented by a negative semi-definite Chern form the latter implies
that c1(F ) = 0. By Simpson’s poly-stability the Higgs subbundle (F, θ) ⊂ (E, θ) is
a direct factor. Its complement has a trivial Higgs bundle, hence it is induced by
a unitary local subsystem. By Lemma 1.5 we obtain i) and ii).
In Case iii) ψi : W¯i → Z¯ are morphisms. By assumption
(ψiW¯i)
2 = deg(NˇW¯i/Z¯) = 0 and ψ1(W¯1).ψ2(W¯2) > 0.
Part iii) of the Addendum 3.4 implies that
c1(F ).(ψ1(W¯1) + ψ2(W¯2)) = c1(F |ψ1(W¯1)) + c1(F |ψ2(W¯2)) = 0.
Since c1(F ) is negative semi-definite and since (ψ1(W¯1) + ψ2(W¯2))
2 > 0 the Hodge
index theorem tells us that c1(F ) = 0. As before this implies that (F, θ) is a direct
factor of (EZ¯ , θZ¯) and Z ⊂M is a Shimura surface of Hodge type.
By Theorem 3.3, iii), the Griffiths-Yukawa coupling on Z¯ does not vanish. Thus, Z
is a generalized Hilbert modular surface, necessarily rigid. Z can not be a genuine
Hilbert modular surface, since Z contains Shimura curves with vanishing Griffiths-
Yukawa coupling. 
Proof of Theorems 0.2 and 0.3. As we have seen in the proof of Theorem 0.1 at the
end of Section 2, on a surface Y¯ = Z¯ the equality of Chern numbers (0.8) implies
that the inequalities i), ii) and iii) in Theorem 3.3 coincide with the inequalities
(0.4), (0.5) and (0.6) in Theorem 0.2. For the same reason, Theorem 0.3 is just a
special case of Theorem 4.4. 
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